We propose a brane-world, which could contain flavor quark and mesons, by embedding dimensionally reduced D7-brane in the 5d background which is obtained as a solution of type IIB supergravity compactified on AdS 5 ×S 5 . We study the localization of the flavor mesons, the fluctuation-modes of D7-brane, on the Randall-Sundrum brane in both the supersymmetric and non-supersymmetric background. In the latter case, a back-reaction from the RS brane is needed to embed the D7-brane, and the quark mass varies depending on the position of the RS brane. We also discuss the localization of the Nambu-Goldstone boson which is generated by the spontaneous chiral-symmetry breaking. † gouroku@dontaku.fit.ac.jp
Setting of a brane-world
Here we set up our model of a simple brane-world to embed a dimensionally reduced D7-brane. Consider the 10d type IIB supergravity which includes the dilaton (Φ), axion (α) and five form field strength to obtain M 5 × S 5 space-time with the following form of the Einstein frame metric, 
L 2 A 2 (r). This metric is also obtained from the following 5d theory,
where V = −6/(L 2 κ 2 5 ). * This action is obtained from 10d supergravity by integrating out the compact S 5 part. And this is also equivalent to the 5d gauged supergravity written by dilaton and axion only. In this case, the potential V in S g is generally given as
where W represents the superpotential of the theory and v denotes the gauge coupling † . In the present case, φ i = {Φ, α}, and we have
and V = −3.
The supersymmetric solutions of S g are given by solving the following first order equations [13] ,
where ′ = d/dy. However, for some non-supersymmetric solutions, there exists W which satisfies the above relations (4) and (6) . This is the case known as the fake supersymmetry [14] . In the present case, W = −3/2, and it is given as W = − 3 2 cosh( 8 3 Φ).
The solutions of this 5d theory can be easily lifted up to 10d. However, when the other scalars are added and they take some non-trivial configurations, it is non-trivial to lift up the solutions to 10d, and S 5 has been deformed to a complicated geometry [10] . In this case, it is not simple to embed the D7 brane in this 10d background.
The brane-world solution is obtained by solving the following system, where S b is the action of the RS-brane. Here, we set S b as follows,
where y b denotes the brane position. In solving the equations of motion of S g + S b , the role of the brane action is to give the boundary conditions for the bulk solution of S g . Meanwhile, these conditions for Φ and A are equivalent to the above equations (6) evaluated just on the point y = y b . Then, at any point of y b , all the solutions of (6) satisfy the boundary conditions given by S b of the form of (9) [12] . So it is enough to solve equations (6) to obtain the brane-world solution which satisfies the boundary conditions at y b . In other words, it is possible to put the brane at any point on the y−axis.
The solutions are obtained under the ansatzs, φ i = φ i (y) and (2) for the metric. Here we consider both the fake and the true supersymmetric cases. For simplicity, the AdS 5 solution is considered as an example for the supersymmetric one,
where Φ 0 is a constant. In this case, V = −3, W = −3/2. As for the fake-supersymmetric case, we adopt the following solution [9] ,
where r 0 is a constant. For this solution, the "superpotential" W is given by (7) , and it is possible to put the brane at any y coordinate as in the supersymmetic case.
3 Reduced D7-brane and its embedding
In [9] , we have given an explicit embedding of D7-brane as a probe in the 10d background (1) . Rewrite the metric (1) as
and the four dimensional coordinates {X m } are further rewritten in the polar coordinate as
where
Then, the world-volume of the D7-brane is taken as {x µ , ρ, Ω 3 }. As mentioned above, the D7-brane is wrapping on the contractible S 3 , and we notive the relation
2 in this case. The remaining part of the embedding procedure is to determine the shape of the D7-brane in its outer two dimensional space, (X 7 , X 8 ). This is performed by solving the equations of motion of two scalar fields in the D7-brane action, which is written as [9] 
denotes the induced metric and τ 7 is the tension of D7 brane. The eight form potential A i 1 ···i 8 , which is Hodge dual to the axion, couples to the D7 brane minimally. It is obtained as F (9) = dA (8) in terms of the Hodge dual field strength F (9) [11] . We take the gauge,
denote the angle variables of S 3 , and we make an ansatz for the two scalar fields X 8 (ξ) and X 9 (ξ) as X 9 ≡ w(ρ) and X 8 = 0, without loss of generality. Then, the induced metric and the explicit form of the action (14) are obtained as [9] 
where C 8 (r) denotes the contribution of the eight form potential, and the fluctuations of D7 around its classical configuration are included in L fluc D7 . Here w(ρ) is solved independently of the angle variables θ i on S 3 , so the form of the solution w is preserved even if the action was reduced to 5d by integrating over θ i . As a result, we can reduce the above action as
Thus we obtain the D7-brane action which is dimensionally reduced to the 5d. Here we notice the relation, r 2 = ρ 2 + w 2 (ρ), for r and ρ. We preserve the interpretation of r or ρ as the energy scale of the field theory on the brane, so we select the solution of w(ρ) such that it could give the one to one correspondence between r and ρ [9] .
We are now ready to embed the reduced D7-brane in the 5d brane-world. As done in 10d, it is embedded as a probe such that the given background configuration is not altered. Two such embeddings are given in the followings.
Probe limit
First of all, we consider the case that the equation of w is obtained from S D7 only in the brane-world background. However we impose Z 2 symmetry with respect to the coordinate y as, w(y) = w(|y − y b |).
Then the equation of w is obtained as
And ρ b denotes the position of the brane on the coordinate ρ, defined
. The δ-function of Eq. (20) comes from the Z 2 symmetry at y = y b , and the factor G(ρ) appears when the ρ-derivative is changed to the yderivative. For ρ < ρ b , the field equation for w, δ w L cl D7 = 0, is written as
, and the boundary condition,
For the super-symmetric background (10), K (1) = 0. Then we find the solution w ′ (ρ) = 0 (w =const.) which preserves the super-symmetry of the system [9] , and the condition (22) is satisfied at any ρ. While, for the non-supersymmetric background (11), K (1) = 0, then w ′ (ρ) = 0 and the boundary condition is not satisfied except at ρ = 0 and ρ = ∞ since w(ρ) decreases monotonically with ρ. For finite ρ b , then, the condition (22) selects the super-symmetric solution.
As another possible boundary condition, we may consider G(ρ b ) = 0, and we get
This is equivalent to ∂ ρ r(ρ b ) = 0. Meanwhile r(ρ) must increase monotonically with ρ since it should be a single valued function of ρ due to the requirement of the one to one correspondence between r 2 (= ρ 2 + w(ρ) 2 ) and ρ. Thus, the points which satisfy the condition, ∂ ρ r(ρ b ) = 0, are again restricted to ρ b = 0 and ρ b = ∞. Then this condition is not useful as the boundary condition. By the same reason, F (ρ b ) = 0 is also rejected as a useful boundary condition. After all, we find that only the supersymmetric solution satisfies the meaningful boundary condition (22).
Here we remember the asymptotic form of w at large ρ,
and the meaning of the parameters in it. Namely m q represents the quark-mass and c is the vacuum expectation value of bi-linear operators of quark fields (Ψ) in the dual gauge theory. Then we can see Ψ Ψ = 0 and w = m q in the supersymmetric case. As a result, the chiral symmetry is preserved.
Backreaction from RS brane
In the above analysis, we have ignored the interaction between D7 and RS brane since D7 should be treated as a probe. However, the bulk configuration is not changed even if we solve the equation of w by taking into account of the brane action as,
In this case, only the boundary condition at ρ b is changed, and the bulk solution of w is the same with the one given above section. Since the boundary condition is altered, we can expect the possibility of the non-supersymmetric embedding of D7-brane. Noticing that the RS brane-action depends on w(ρ) through r by the relation, r 2 = ρ 2 + w(ρ) 2 , we obtain the following boundary condition,
where the right hand side (rhs) comes from the brane action, S b . ‡ (i) Supersymmetric case: The supersymmetric solution, w ′ = 0 and (10), are allowed also in this case. This time, however, the solution is restricted to the case of w = 0 or m q = c = 0. In this case, however, any bound-state of quarks is not found on the RS brane as shown below since the meson mass is proportional to m q .
(ii) Non-supersymmetric case: In the next, we consider the non-supersymmetric case, w ′ = 0 and (11). Since Eq.(25) is complicated, we estimate it at large ρ b by presuming the asymptotic form of w = m + c/ρ 2 + · · ·, and we find the following asymptotic form,τ
It implies the following solution
where c is an arbitrary constant. For this solution, the quark mass is zero but the vacuum expectation value of quark bilinear operator is finite, Ψ Ψ = 0. Namely, the gauge theory is in the phase where the chiral symmetry is spontaneously broken. Thus the back-reaction from RS-brane induces the non-supersymmetric embedding of the D7-brane, and the quark-mass is zero in the limit of ρ b = ∞.
The second condition in (27), on the other hand, is related to the flavor number N f . As forτ 7 , we can estimate it from a different side. In the present model, the 5d Newton constant, 1/(2κ 2 5 ), is obtained from the 10d one, which is expressed as 2κ
, by multiplying to it the volume of S 5 of radius L, as follows 1 2κ
(28) ‡ We should notice here that the variable is changed from y to ρ as follows 
Identifying the results of (29) and (27), we obtain
On the other hand, the color number is estimated as
Then it is possible to find a region of
for an appropriate L, and the present probe approximation for the D7-brane is justified.
The above discussion is restricted to the limit of ρ b = ∞ or to the UV limit of the gauge theory. However, we usually set the RS brane at a point of finite ρ b . Then we find finite m q since the solution w of Eq.(25) for finite ρ b is the one of finite m. In this case, the value of m q depends on ρ b . Here we show this point by the numerical estimation for an appropriate parameterization for N f , N c and L. The result is shown in the Fig.1 . The value of m increases with decreasing ρ b , but it turns to the smaller m at about m = 0.55 and increase again from the point of m ∼ 0.1. Then it arrives at the upper limit m ∼ 0.6 at ρ b = 0. We find an interesting behavior in the region, ρ b < 8, where there are three possible points of ρ b for one solution of w(ρ), so one of them might be chosen as the most favorite point by a dynamical reason. One possible resolution is to consider the energy (E D7 ) of the D7-brane defined as E D7 = −S D7 , then the lowest curve would be chosen by the energy principle. As a result, the RS-brane on the position of the upper two points in the region of 1 < ρ b < 8 might be unstable.
In any case, we could embed the D7 brane at any point of finite ρ b by changing the quark mass at each value of ρ b . This is the most prominent feature of the nonsupersymmetric case compared to the supersymmetric case. In the latter case, the quark mass is preserved as a definite value at any point of ρ b .
The second point to be noticed is that the quark-mass is bounded from above by a rather small value at ρ b = 0. The quark-mass is a parameter in the gauge theory, but in the present case its value is fixed by the position of the RS brane. Meanwhile, ρ b , the RS-brane position, should be determined by the dynamics in the bulk string theory as a stable point. In this sense, the quark-masses should be given by solving the equations of string theory, which might include enough quantum corrections.
Meson localization
In the next, we study the fluctuation-modes of the embedded D7 brane. Some of them are trapped on the RS brane, and they might be observed as mesons in our 4d world. Then, the trapped modes are defined as the normalizable one for the integration over ρ. This problem is studied for the brane-world of two different boundary conditions, (22) and (25), given above.
Without the back-reaction: for (22)
In this case, only the supersymmetric embeddings are allowed. So the background is given by (10) , and the quadratic parts of the fluctuations, φ 8 = X 8 , φ 9 = X 9 − w and vector, are written as
where w is a constant, w(ρ) = w(∞) ≡ m(= m q /2π). The dots denote the higher order terms which can be neglected here.
For the scalar, we obtain the same field equation for φ 8 and φ 9 , then they are denoted by φ for the simplicity. The field-equation is written as [15] 
where M 2 is defined as η µν ∂ µ ∂ ν φ = M 2 φ. In the present case, φ is Z 2 symmetric at the brane position y b , so we must solve the equation (33) by imposing the following boundary condition,
Before studying the trapping in the brane-world by using the boundary condition (34), we consider the normalizable modes which could be observed at the boundary ρ b = ∞. This analysis is useful for finding the localized modes on the brane since the mass eigen-values of the localized modes on the branes at different ρ b should be related to each other by the smooth functions of ρ b in all the region 0 < ρ b < ∞. In this sense, the spectra, which should be observed on the boundary, are considered as the one at the starting point.
The Eq.(33) is solved as
where c 1 and c 2 are arbitrary constants, and α = (1 + 1 + M 2 L 4 /m 2 )/2. In order to find the trapped modes, consider the normalizability condition for φ,
We estimate this condition for (i) m = 0 and (ii) m = 0 separately. For the case of (i), the above integral near ρ ∼ 0 is approximately estimated as
Meanwhile, the solution (35) is expanded near ρ ∼ 0 as,
where c are the calculable coefficients. Then we find that the solution of c 2 = 0 satisfies (37). However, for the case of (ii), the condition (37) is replaced by
Then we must take as c 1 = c 2 = 0, namely φ = 0, to satisfy (39). In other words, there is no localized state in the case of m = 0 for the supersymmetric case. So the interesting case is restricted to the case of massive quark.
On the other hand, at large ρ, the normalizability condition (36) is approximated for any m as,
And the solution of c 2 = 0, the first term of (35), is expanded at large ρ as,
where the coefficients b 0 (α) and d 0 (α) are the functions of α. From (40), we demand b 0 (α) = 0. As a result, we get α = n + 1 with the integer n [15] , and we thus find infinite series of discrete meson mass.
We now return to the case of the brane-world. In this case, ρ b is finite and we need the boundary condition (34) at ρ b instead of the normalizable condition at large ρ (40) given above. In order to satisfy (34), b 0 (α)/d 0 (α) should be fixed to an appropriate value f , which depends on ρ b ,
and f should satisfy the condition, f (∞) = 0. From this equation, we could find the mass eigen-values. Here, we can see this statement by a numerical analysis. For different three values of ρ b , the value of φ ′ as a function of α is shown in the Fig.2 . We find that the values of α at each zero point of φ ′ shift to larger α side from the integer point, which are given by α = n + 1 for ρ b = ∞, smoothly when ρ b decreases. We could conclude as follows. Also on the RS brane, in the present supersymmetric braneworld, we can see the meson mass-spectra, which shift to the massive side when the brane moves to the smaller ρ b .
With back-reaction: for (25)
For the boundary condition (25), both supersymmetric and non-supersymmetric D7-brane embeddings are possible. In the supersymmetric case, however, the quark mass is restricted to zero, m q = 0, while the chiral symmetry is preserved. In the nonsupersymmetric case, the quark mass is finite for finite ρ b , and the chiral symmetry is spontaneously broken for m q = 0. So we expect to see the NG boson, which would be found as a mass-less meson, in the case of m q = 0.
Supersymmetric background
For the supersymmetric case, the meson mass is proportional to m q , but here the quark mass is restricted to m q = 0 as shown above. Then all the meson masses are reduced to zero, and this spectra are not changed in the case of the braneworld since the boundary condition is satisfied at any point of ρ b . However, it is shown below that we can not observe any mass-less meson in our 4d world.
For the scalar fluctuations, the solutionis are already obtained in the previous section and we have shown that there is no solution which satisfies the normalizablity condition near ρ = 0, (39), for m = 0. Then, there is no scalar mesons localized on the brane.
The similar situation is seen also for the vectors. The vector on the original D7 brane has six dynamical freedom, which are written here as {A i , ∂ i A i = 0, i = 1 ∼ 3}, {A µ , ∂ µ A µ = 0, µ = 0 ∼ 3} and A ρ . When the KK modes on S 3 are neglected, these fields satisfy the following field equations for m q = 0,
Again, we can see the possible solutions are restricted to the one of M 2 = 0, and the asymptotic solutions near ρ = 0 for these fields are given as
But all these solutions do not satisfy the normalizable condition near ρ = 0
where a = (i, µ, ρ).
Then any bound state can not be trapped on the RS brane in the supersymmetric case for the present boundary condition. In other words, the supersymmetric mesonspectra are all washed away by the back-reaction from the RS brane.
Non-supersymmetric background
For non-supersymmetric background, the field equations for φ 8 and φ 9 are complicated, but the equations for both fields have the same asymptotic solution with the one given for the supersymmetric case by the equation (38) at small ρ and (41) at large ρ respectively. In the present case, however, the normalizable condition has a different form from (36) and it is given as
where φ denote φ 8 or φ 9 .
In the small ρ region, we find the following approximated condition
It should be noticed that this condition is not changed even if m = 0 because, in the limit of ρ → 0, we find
for the non-supersymmetric case and that e Φ and A approach to the constant. This is an important point to be discriminated from the supersymmetric case. And (48) is satisfied by the first one of the two independent solutions given in (38). Then we expect to find normalizable modes or the meson spectra on the RS brane for any value of m.
In the large ρ region, the normalizability condition is replaced by the boundary condition (25) at a finite ρ b . However, we consider first of all the limit of ρ b = ∞ as above since the normalizable spectra, which could be found on the boundary, would also be observed on the brane at finite ρ b with mass-eigenvalues continuously shifted. At large ρ b , (47) is approximated by (40), and the asymptotic solution for φ is also the same form with (41). Then, we can choose the second series of (40) as the normalizable solution, and many number of normalizable modes are found for both φ 8 and φ 9 . Especially, for the case of m = 0, we expect to find one mass-less mode for φ 8 as the Nambu-Goldstone boson due to the spontaneous chiral symmetry breaking. Actually, we could find it and it has been shown in [16, 17, 18] . Then it would be straightforward to find the shifted meson-spectra by solving the boundary condition (25) at finite ρ b .
However, in the non-supersymmetric case, we should carefully examine the mesonspectra for the case of m q = 0 since there is no such localized boson in the supersymmetric case. Among them, the most interesting one might be the NG boson and its msaa-shift for finite ρ b . We study this point through the lowest mode of φ 8 which is expected to be mass-less at ρ b → ∞ and is interpreted as a NG boson. Hereafter we concentrate on the lowest state of φ 8 , and it is expected to be mass-less for a while. The equation of motion for φ 8 is given as,
and the boundary condition as,
We notice here that the back-reaction is taken into account of. In order to find the NG mode, rewrite φ 8 in terms of the angle variable (θ) as 
only for m = 0.
In the case of finite ρ b , the above integral is finite even if m = 0. In this case, however, the value of m is constrained by the boundary condition (51) instead of the above normalizability condition. Meanwhile, the condition (51) is rewritten when we use (25), the boundary condition for w, as follows,
Then, φ 8 = wθ 0 satisfies this boundary condition for any ρ b and m q as far as w satisfies (25).
Then we find that the mass of the NG boson on the RS brane does not change its value from zero at any ρ b . But we could not call this mass-less scalar as the NG boson in the case of finite ρ b since the chiral symmetry is explicitly broken due to the finite quark-mass, m q . In this sense, the present model is a special one which preserves the mass-less-ness of the NG boson even if the brane position is changed. So we will need more back-reaction to get a more realistic solution.
Summary
Here, we consider a class of background solutions of IIB superstring theory in order to construct a braneworld in which mesons are trapped on the RS brane. The braneworld is set in the uncompactified 5d part of these solutions. They are also obtained from the 5d gauged supergravity with the dilaton and the axion. Its action can be obtained from the 10d theory by integrating over the inner compact space, S 5 , of the solutions. Any solution of this 5d theory can be easily lifted up to the one of the 10d theory on M 5 × S 5 . On the same footing, the action of the D7-brane is reduced to 5d by integrating over S 3 , which is regarded as the inner compact space of the D7-brane embedded in a special way.
After setting the stable RS brane, which can be put at any position we like, for the 5d background solutions given here, the reduced D7 brane is embedded in this background as a probe in the sense that the D7 brane does not change the 5d background configuration. Two such embeddings are given here. In one case, the embedded configuration is obtained by solving the D7 brane action only without including other part. In this case, only the supersymmetric embedding is allowed and the quark mass is arbitrary. The chiral symmetry of the corresponding gauge theory is then preserved for the mass-less quark. When the quark mass is finite, the series of meson mass-spectra are observed as trapped states on the RS brane.
In the second case, the back-reaction from the RS brane is taken into account of. In this case, both supersymmetric and non-supersymmetric embedding are possible. In the supersymmetric case, the quark-mass is restricted to zero and any meson state can not be trapped on the RS brane. In the non-supersymmetric case, on the other hand, the quark-mass depends on the RS brane position ρ b and is allowed in a small region. And infinite series of the mesons are trapped on the RS brane. In the limit of ρ b = ∞, we can see the existence of the Nambu-Goldstone boson, which is generated as a result of the spontaneous chiral symmetry breaking. The mass-less-ness of this lowest scalar state is preserved even if the quark-mass becomes finite at finite ρ b , but this would not be a general result but a characteristic feature of our present model.
In any case, we could show a model of a braneworld which includes flavor quarks and their bound states on the RS brane. It would be an interesting problem to study the extra-dimension through hadron dynamics in terms of the model like the one presented here. We will discuss on this point in the near future.
